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Abstract. We consider the known functional identity on the Weierstrass 
sigma function. A complete classification of odd entire functions which satisfy 
the same identity is obtained. 



1. Introduction 
Let A be a lattice in C and A' = A — {0}. Let 

aiz)^a{z,A) = zl[ - iVf )^ (1) 
AeA' ^ ^ 

be a Weierstrass sigma function. It is an odd entire quasiperiodic function with A 

as the set of zeros [1]. 

We shall deal with the identity 

X + y + z - w x+y-z+w x - y + z + w ~x+y+z+w 
(T[x)a{y)a{z)(7(w)~a( )a{ )ct( )cr( )- 

.x + y + z + w. .x + y-z-w. ,x-y + z-w. .x-y-z + w. ^ 

-<^{ ^ M ^ M ^ )^( ^ ) = 0, (2) 

which holds for any x, y, z,w G C. This identity may be easily derived from the 
classical Weierstrass parallelogramm formula 

, , , , a(x ~ y)a(x + y) 
p{x) - p{y) = - ^ / ^2 ^2 ' 
a{xya{y)'^ 

or from known properties of quasiperiodic functions or from the Riemann theta 
identityes. It is much more difficult to find it in the literature than to prove it. The 
author knows only two papers where it has been written (at least in an explicit 
form) [2,3]. In [2, lemma 1] it appears as a new result. In [3] a reference to a book 
printed in 1893 was given. Unfortunately the author has never read this book. 

The aim of this paper is to prove the following 

Theorem Let f ^ be an odd entire function. Let 

mny)nz)fi^yf C+ ^ + ^ ^ 7 ^ + ^ ^+ ^ + 

for any complex numbers x,y,z,w. Then there exist a,/3 G C such that one of the 
following statements holds 



(1) 










(2) 




= sin(az)e"^'+^ 


for some 




(3) 


/(^) 


= CT(0,A)e""'+'^ 


for some 


lattice A 
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This result may be viewed as an algebraic definition of the Weierstrass sigma 
function. It is clear that the statamcnt of the theorem is true under weaker hy- 
pothesis and an interesting question is which of the conditions may be dropped. 

2. Some invariant 

The method of proof is the approximation of the function given by the function 
of a required kind. Let M = {f : /(O) = 0} be the ideal in the algebra of entire 
functions and let O be the set of odd entire functions which are not in M^. For 
each / G O we have 

f{z) = aiz + asz^ + a^z^ + arz^ mod A4^, 
for some complex numbers ai, as, 05, ay, where ai ^ 0. Let 

P{f) = «3 - 2aia5, 
(?(/) = 80^07 — 8010305 + 03. 
Lemma 1 If f €^ and p{f) = q{f) = then there exist a,(3 £ C such that 

f{z) = ze"''+^mod M^. 

The proof is a straightforward calculation. 

If either of p and q is not equal to zero, then we may define 

qi.fr 

We shall write instead of iJ.{z 1-^ f{z))- 

Lemma 2 Let fi,f2 S Cl and = At(/2) are well-defined. Then there exist 
a,(3 gC and a G such that 

f2{z) = h{az)e"''+^ mod . 

It is easy to see that 

/x(/(a0)e«^'+'') = n{f{z)) 
for any f G ft. Let us choose a^, i = 1, 2 such that 

Mz) = fi{z)e"''^+^' =z + AiZ^ + Biz'^mod M^. 

Then p{fi) = -2Ai, q{fi) = 3Bi. Since = n{f2), we have 

h{z) = fi{az) 

for some a 7^ 0. 

3. Modular forms 

We shall compute /Lt(cr(z, A)). For some reasons it is more convenient to use the 
Jacobi function in this case instead of the Weierstrass one. It is known that for the 
lattice 

A = p(Z + rZ), p^O, S(r) > 

we have 

<7(^,A) = ^?i(-,r)e«^'+^ 
P 
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where 

oo 

i9i(z,t) = 2^(-l)"e'^'^("+5)%in((2n+l)7rz) 

n=0 

is the first Jacobi theta function and a, (3 are some complex numbers [1, §2.3]. 
Hence /u(cr(2;, A)) = ^{'d\{z,T)). 
Let 

p{t) = p{i:9i{z,t)), q{T) = q{i^i{z,T)). 
Lemma 3 The functions p{t) and q{T) may be written in the form 

P{r) = (4) 

q{r) = --^v'^as, (5) 

where 

oc 
n=l 

is the Dedekind eta function and 



(1^3 
I^+20E e-2lx_i 



53 = g3[ 



216 3 ^ - 1 

71=1 



are the Weierstrass modular forms. 
Prom the known equations 

^?i(^,r+l) = e^i9i(z,T), 

T T \ I 

we can derive 

p{t + 1) = zp(r), 
?{--)= iT^Pir). 

T 



The product vf'g2 obeys the same equations, so 7(r) = -jf— is a modular function. 



The direct computation shows that 7(t) ^ ^ as 9(t) oo. Tlic only zeros of the 
denominator are t which belong to the orbit of ~^+^'^^ under the modular group 
action. But this are first order zeros whereas the order of any modular function 
at this points is divisible by 3. Then 7 is bounded in upper halfplane so it is a 
constant. The equality (5) may be proved by the same way. 
As a corollary we have 

( ( P{rf 49 ffl 49 j{t) 

y^{<y{z,iy)) - ^^^^2 - 1080^2 - 40 3{t) - 1728' 

where 

j(r) = e-^'^*'" + 744 + 1968846^'^'^ + . . . 
is the modular invariant. 
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4. Differential equation 
Lemma 4 Any odd entire function f satisfying (3) obeys the equation 

{f'{0)ffi2z) = f\z){\nf{z)y". (6) 



^^F{x,x + t,x + Ct,x + CH) 



Let us denote the left hand side of (3) by -^(a;, y, z, w). Then 

= -3/V7" + ff" + VU'f - {f'{0)ff{2z), 

t=o 

where/ = f{z) and C = e^. This equals to zero, so (6) follows. 

Lemma 5 Let /i,/2 € fi 6e two functions satisfying (6). If f2 = f\mod M.^ 

then f2 = fi identically. 

We may asuume /((O) = /2(0) = 1. If /2 7^ fi then for some odd n > 9 

f2{z) = fi{z) + bz^'mod 

where 6^0. We have 

f2{2z) - fx{2z) = b2''z''mod A^"+^ 
f^{z){\nf2{z))"' - ft{z){lnf,{z)y" = bz"[{n - l)(n - 2)(n - 3) + 8] mod M'^+\ 
Since /i and /2 are both solutions of (6), 

6z"?/'(n) = Omorf 

where = (n — l)(n — 2)(n — 3) + 8 — 2". By assumption 6 7^ so '4^{n) = but 
this is imposible for n > 9. 

Now we can prove the theorem. Let / be a function which satisfies the conditions. 
By Lemma 4 it is a solution of (6). So / S because nonzero odd function may not 
be a solution of /^(z)(ln/(z))"' = 0. Now it is enough to prove that there exists a 
function of required kind approximating / up to 9th order, then the conclusion of 
theorem holds by Lemma 5. 

If p{f) = lif) = then this is the case by Lemma 1. If = || then 
/"(/) = /u(sin(2;)). If iJ.{f) ^ |§ then ij,{f) = ^-j^:;^^^ for some r from the upper 
halfplane so 

/x(/) = /xKz,A)), A = Z + rZ 

(the case = 00 is included). In both cases / has the required approximation by 
Lemma 2. The proof is complete. 
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